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This paper proposes fractional sliding control designs for
single-degree-of-freedom fractional oscillators respectively
of the Kelvin-Voigt type, the modified Kelvin-Voigt type
and Du¨ffing type, whose dynamical behaviors are described
by second-order differential equations involving fractional
derivatives. Firstly, the differential equations of motion are
transformed into non-commensurate fractional state equa-
tions by introducing state variables with physical signif-
icance. Secondly, fractional sliding manifolds are con-
structed and stability of the corresponding sliding dynam-
ics is addressed via the infinite state approach and Lyapunov
stability theory. Thirdly, sliding control laws and adaptive
sliding laws are designed for fractional oscillators respec-
tively in cases that the bound of the external exciting force is
known or unknown. Finally, numerical simulations are car-
ried out to validate the above control designs.
1 Introduction
Viscoelastic materials are widely used to control or re-
duce vibrations and sound radiation in aerospace structures,
industrial machines, civil engineering structures, etc [1].
In the quest for analyzing and synthesizing viscoelastically
damped structures, one of the primary tasks is to model the
rheological behavior of viscoelastic materials. However, this
is also a challenge work due to the high dependency on vis-
coelastic materials of operational and environmental factors
such as vibration frequency, external temperature, pre-loads,
etc [2].
Recently, application of fractional calculus representa-
tions for describing the stress-strain relations for viscoelastic
materials (shortly termed as fractional constitute relations)
becomes a popular target. Over the conventional integer or-
der constitutive relations, the fractional ones have vast supe-
riority. The first attractive feature is that they are capable of
fitting experimental results perfectly and describing mechan-
ical properties accurately in both the frequency and time do-
main with only three to five empirical parameters [3]. The
second is that they are not only consistent with the physical
principles involved [4] and the molecule theory [5], but also
represent the fading memory effect [3] and high energy dissi-
pation capacity [6]. Finally, from mathematical perspectives
the fractional constitutive equations and the resulting frac-
tional differential equations of vibratory motion are compact
and analytic [7]. Nowadays, via a large number of experi-
ments, many types of fractional order constitutive relations
have been developed, such as the fractional Kelvin-Voigt
model [3], the fractional Zener model [4], and the fractional
Pritz model [8], etc.
In engineering practice, mechanical models for various
viscoelastically damped structures are simplified to SDOF
or MDOF oscillators. On the other hand, investigations on
typical oscillators provide theoretical basis for dealing with
intricate mechanical systems. As a result, research on frac-
tional oscillators becomes a promise subject. There are vari-
eties of papers developing numerical approaches and meth-
ods for studying dynamics responses of fractional oscilla-
tors. Investigations on dynamical responses of SDOF linear
and nonlinear fractional oscillators, MDOF fractional oscil-
lators and infinite-DOF fractional oscillators have been re-
viewed in [9]. However, few results on theoretical analysis
for fractional oscillators have been found in literature, which
is partly attributed to imperfection in the theory of fractional
differential equations, such as the initialization theory, state
space representation and the stability theory. Asymptotically
steady state behavior of fractional oscillators have been stud-
ied in [10, 11]. Based on functional analytic approach, cri-
terias for existence and behavior of solutions have been ob-
tained in [12-14], and particularly in which the impulsive re-
sponse function for the linear SDOF fractional oscillator is
derived. The asymptotically steady state response of frac-
tional oscillators with more than one fractional derivatives
have been analyzed in [15]. Taking the memory effect and
prehistory into consideration, the historical effect and initial-
ization problems for fractionally damped vibration equations
have been proposed in [16-20].
Using fractional-order controllers is a suitable way to
the more efficient control of fractional systems [21]. Var-
ious fractional control techniques have been proposed dur-
ing the last two decades, such as CRONE control [22], frac-
tional PID control [23], fractional sliding control [24, 25],
fractional adaptive control [26, 27], fractional optimal con-
trol [28, 29], etc. However, control designs for fractional
oscillators are very limited. In [30, 31], the second-order
fractional differential equations of motion have been trans-
formed into commensurate-ordered state equations in order
to propose control designs for SDOF fractional oscillators.
However, due to the fact that the orders of fractional deriva-
tives in constitute relations for viscoelastic materials are usu-
ally real numbers lying in between zero and one, dimen-
sion of the resulting commensurate fractional state equa-
tions is normally too large to be analyzed theoretically. To
overcome the above difficulty, in this study we introduce
another types of state variables with physical significance
to transform the fractional differential equations into non-
commensurate fractional state equations. Based on this idea,
dimensions of the corresponding fractional state equations
are rather low, namely three for fractional Kelvin-Voigt os-
cillators and fractional Du¨ffing oscillators, four for fractional
modified Kelvin-Voigt oscillators. Sliding control designs
for the above three types of fractional oscillators are pro-
posed based on infinite state approach and Lyapunov stability
theory.
The rest of this paper is organized as follows. Section
2 gives some preliminaries on fractional calculus and dif-
ferential equations of motion for SDOF fractional oscilla-
tors of Kelvin-Voigt type, modified Kelvin-Voigt type and
Du¨ffing type. Section 3 proposes sliding control designs for
the above three types of fractional oscillators. Section 4 car-
ries out numerical simulations to verify the viability and ef-
fectiveness of the proposed control designs. Finally, the pa-
per is concluded in section 5.
2 Preliminaries
Definition 1 The Riemann-Liouville fractional integral
for the function f (t) is defined as
aIαt f (t) =
1
Γ(α)
∫ t
a
(t− τ)α−1 f (τ)dτ (1)
where α ∈ R+ is an non-integer order of the factional inte-
gral, the subscripts a and t are lower and upper terminals
respectively.
Definition 2 The Caputo definition of fractional derivatives
is
aDαt f (t) =
1
Γ(n−α)
∫ t
a
f (n) (τ)dτ
(t− τ)α−n+1
,n− 1 < α < n (2)
Lemma 1 The frequency distributed model for the fractional
integrator [32-34] The input of the Riemann-Liouville inte-
gral is denoted by v(t) and output x(t), then aIαt v(t) is equiv-
alent to
{ ∂z(ω,t)
∂t =−ωz(ω, t)+ v(t)
x(t) = aIαt v(t) =
∫ +∞
0 µα(ω)z(ω, t)dω
(3)
with µα (ω) = sin(αpi)pi ω
−α
.
System (3) is the frequency distributed model for fractional
integrator, which is also named as the diffusive representa-
tion.
The differential equation of motion for SDOF fractional
Kelvin-Voigt oscillators is
mx¨ (t)+ cDαx(t)+ kx(t) = f (t) (4)
where m is the mass of the oscillator, c is the coefficient of the
fractional damping, k is the stiffness coefficient, α ∈ (0,1) is
the order of fractional derivative, f (t) is external exciting
force applied to the fractional oscillator.
The differential equation of motion for SDOF fractional
modified Kelvin-Voigt oscillators is
mx¨(t)+ c1Dα1x(t)+ c2Dα2x(t)+ kx(t) = f (t) (5)
where 0 < α1 < α2 < 1.
The differential equation of motion for fractional Du¨ffing os-
cillators is
x¨(t)+ cDαx(t)+ax+ bx3 (t) = f (t) (6)
3 Sliding control design for SDOF fractional oscillators
To propose sliding control design for fractional oscilla-
tors, the foremost task is to transform the fractional differ-
ential equations of motion (4) (5) or (6) into state equations.
In contrast to integer-order derivatives, composition between
fractional ones DαDβx(t) = Dα+βx(t) = DβDαx(t) holds if
and only if in zero initialization case: x(t) ≡ 0 for t ≤ 0.
In physics, this means that fractional oscillators are at rest
in prehistory. However, in nonzero initialization case, the
above composition is more complicated. In this paper, zero
initialization for fractional oscillators are assumed in trans-
forming fractional differential equations into state equations.
Nonzero initialization case will be investigated in our future
work.
3.1 Sliding control for SDOF fractional Kelvin-Voigt os-
cillators
Letting x1 = x, x2 = Dαx, x3 = x˙, the differential equa-
tion of motion (4) for the single degree of freedom fractional
Kelvin-Voigt oscillators is transformed into the following
state equations


Dαx1 = x2
D1−αx2 = x3
x˙3 =− km x1− cm x2 + fm + um
(7)
In the following, we propose sliding control design for SDOF
fractional oscillators of Kelvin-Voigt type (4) based on the
above state space equations (7). Firstly, a fractional sliding
surface is constructed to present the desired dynamics and
secondly a switching control law is determined to verify slid-
ing condition.
A fractional sliding surface is constructed as
s(t) = x3 +
k
m
∫ t
0
x1 (τ)dτ+
c
m
∫ t
0
x2 (τ)dτ (8)
Differentiating Eq.(8), leading to the following
s˙ = x3 +
k
m
x1 +
c
m
x2.
Letting s˙ = 0, we derive the following sliding mode dynam-
ics


Dαx1 = x2
D1−αx2 = x3
x˙3 =− km x1− cm x2
(9)
Obviously, Eq. (9) are non-commensurate fractional differ-
ential equations. To analyze the stability of sliding dynamics,
the infinite state approach based on the frequency distributed
model is utilized.
Defining the following Lyapunov candidate
V1 (t) =
1
2
kx12 +
c
2
∫
∞
0
µ1−α (ω) z2 (ω, t)dω+
1
2
mx˙23
where z(ω, t) is an infinite state variable in the following fre-
quency distributed model for the Caputo derivative:
{ ∂z(ω,t)
∂t =−ωz(ω, t)+ x˙
Dαx(t) =
∫
∞
0 µ1−α (ω) z(ω, t)dω
(10)
By taking the first order derivative of V1 (t)with respect to
time yields
˙V1 =−c
∫
∞
0
ωµ1−α (ω)z2(ω, t)dω < 0
which implies the stability of the sliding mode dynamics (9).
For the sake of the sliding control law, a second Lyapunov
candidate is selected as
V2 =
1
2
s2
.
By taking its derivative with respect to time yields
˙V2 = ss˙
= s
[
x˙3 +
k
m
x1 +
c
m
x2
]
(11)
Substituting the state equation (7) of the SDOF fractional
oscillators into (11), it follows that
˙V2 = s
[ f (t)
m
+
u(t)
m
]
(12)
Firstly, the boundary of the external force f (t)is assumed to
be known: | f (t)| ≤ F . In this case, Eq.(12) is calculated as
˙V2 ≤ 1
m
[|s|F + su] (13)
Based on (13), we construct the following control law
u(t) =−
(
F +
ρ1√
2
)
sign(s)−ρ2s (14)
where ρ1 and ρ2 are positive constants, sign(·) is the sign
function.
Substituting (14) into (13), yields
˙V2 ≤ 1
m
[
|s|F−|s|
(
F +
ρ1√
2
)
−ρ2s2
]
=−ρ1
m
√
V2− 2ρ2V2
In terms of Lyapunov stability theorem, we derive that s→ 0
and x1 (t)→ 0 as t → ∞.
In the following, we propose the control design for the SDOF
fractional oscillators in the case that the boundary of the ex-
ternal force is unknown. The adaptive control technique will
be utilized to estimate the unknown boundary. The estima-
tion of F is denoted as ˆF (t).
Another Lyapunov candidate is chosen as
˜V2 =
1
2
[
s2 +
1
µ
(
ˆF−F)2]
where µ is a positive constant.
By taking its derivative with respect to time, one has
˙
˜V 2 = ss˙+
1
µ
(
ˆF−F) ˙ˆF
=
s
m
[ f (t)+ u(t)]+ 1
µ
(
ˆF−F) ˙ˆF (15)
Based on (15), the following control law and adaptive law
are constructed as
u(t) =−
(
ˆF (t)+
ρ1√
2
)
sign(s)−ρ2s
ˆF (t) =
µ
m
|s|
Substituting (16) (17) into (15), and in terms of the relation
sign(s) s = |s|, we derive that
˙
˜V 2 =
1
m
[ f (t)s− ( ˆF +ρ1) |s|−ρ2s2]+ 1
m
(
ˆF−F) |s|
=
1
m
[ f (t)s− (F +ρ1) |s|−ρ2s2]
(16)
Substituting the relation f (t)s ≤ | f (t) s| ≤ | f (t)| |s| ≤ F |s|
into (18), one has
˙
˜V 2 ≤ 1
m
[−ρ1 |s|−ρ2s2]≤ 0
In terms of Lyapunov stability theorem, we derive that s→ 0
and x1 (t)→ 0 as t → ∞.
3.2 Sliding control for SDOF fractional modified
Kelvin-Voigt oscillators
Letting x1 = x, x2 = Dα1x, x3 = Dα2x, x4 = x˙, the differ-
ential equation of motion (5) for fractional oscillators with
Kelvin-Voigt type is transformed into the following state
equations


Dα1x1 = x2
Dα2−α1x2 = x3
Dα2x3 = x4
x˙4 =− km x1− c1m x2− c2m x3 + fm + um
(17)
A fractional sliding surface is constructed as
s(t) = x4 +
k
m
∫ t
0
x1 (τ)dτ+
c1
m
∫ t
0
x2 (τ)dτ
+
c2
m
∫ t
0
x3 (τ)dτ
Differentiating s(t), leading to the following
s˙ (t) = x4 +
k
m
x1 +
c1
m
x2 +
c2
m
x3
Letting s˙ = 0, yielding the following sliding mode dynamics


Dα1x1 = x2
Dα2−α1x2 = x3
D1−α2x3 = x4
x˙4 =− km x1− cm x2− c2m x3
(18)
To analyze the stability of sliding dynamics (20), the follow-
ing Lyapunov candidate is defined
V3 =
1
2
kx21 +
c1
2
∫
∞
0
µ1−α1 (ω)z1(ω, t)dω
+
c2
2
∫
∞
0
µ1−α2 (ω)z2(ω, t)dω+
1
2
mx24 (19)
where z1 (ω, t) and z2 (ω, t) are infinite state variables in the
following frequency distributed model for the Caputo deriva-
tives
Dα1x = I1−α1 x˙⇔


∂z1 (ω, t)
∂t =−ωz1 (ω, t)+ x˙
Dα1x =
∫
∞
0
µ1−α1 (ω) z1 (ω, t)dω
Dα2x = I1−α2 x˙⇔


∂z2 (ω, t)
∂t =−ωz1 (ω, t)+ x˙
Dα2x =
∫
∞
0
µ1−α2 (ω) z2 (ω, t)dω
By taking the first order derivative of V3 (t)with respect to
time yields
˙V3 =−c1
∫
∞
0
ωµ1−α1 (ω)z1
2(ω, t)dω
− c2
∫
∞
0
ωµ1−α2 (ω) z2
2(ω, t)dω
< 0
which implies the stability of the sliding mode dynamics
(20).
For the sake of the sliding control law, the following Lya-
punov candidate is selected as
V4 =
1
2
s2
By taking its derivative with respect to time yields
˙V4 = ss˙ = s
[
x4 +
k
m
x1 +
c1
m
x2 +
c2
m
x3
]
(20)
Substituting the state equation (19) of the SDOF fractional
oscillators into (21)one has
˙V4 = s
[ f
m
+
u
m
]
(21)
In the case that the boundary of the external force is known:
| f (t)| ≤ F , Eq. (22) is then calculated as
˙V4 ≤ 1
m
[|s|F + su] (22)
Based on (23), we construct the following control law
u(t) =−
(
F +
ρ1√
2
)
sign(s)−ρ2s (23)
Substituting (24) into (23), one has
˙V4 ≤ 1
m
[
|s|F−|s|
(
F +
ρ1√
2
)
−ρ2s2
]
=−ρ1
m
√
V4− 2ρ2V4 (24)
In terms of Lyapunov stability theorem, we derive that s→ 0
and x1 (t)→ 0 as t → ∞.
In the case that the boundary of the external force is un-
known, the same control law and adaptive law as (16) and
(17) can be designed utilizing the adaptive technique.
3.3 Sliding control for fractional Du¨ffing oscillators
Letting x1 = x, x2 = Dαx, x3 = x˙, the differential equa-
tion of motion (6) for the Fractional Duffing oscillators is
transformed into the following state equations


Dαx1 = x2
D1−αx2 = x3
x˙3 = -ax1− bx31− cx2 + f + u
(25)
A fractional sliding surface is constructed as
s = x3 + k
∫ t
0
x1 (τ)dτ+ c
∫ t
0
x2 (τ)dτ
Differentiating s(t), leading to the following
s˙ = x˙3 + kx1 + cx2
Letting s˙ = 0, we obtain the following sliding mode dynam-
ics


Dαx1 = x2
D1−αx2 = x3
x˙3 =−kx1− cx2
(26)
To analyze the stability of sliding dynamics (26), the follow-
ing Lyapunov candidate is defined
V5 =
1
2
kx21 +
1
2
x23 +
c
2
∫
∞
0
µ1−α (ω) z2(ω, t)dω
where z(ω, t) is an infinite state variable in the frequency
distributed model (10).
By taking its derivative with respect to time yields
˙V5 = kx1x3 + x3x˙3 + cx3x2− c
∫
∞
0
ωµ1−α (ω) z2dω
= x3 [x˙3 + cx2 + kx1]− c
∫
∞
0
ωµ1−α (ω)z2dω (27)
Substituting the state equation (26) into (27), one has
˙V5 =−c
∫
∞
0
ωµ1−α (ω) z2dω < 0
which implies the stability of the sliding mode dynamics
(26).
For the sake of sliding control law, the following Lyapunov
candidate is selected as
V6 (t) =
1
2
s2
By taking its derivative with respect to time yields
˙V6 (t) = ss˙ = s [x˙3 + kx1 + cx2] (28)
Substituting the state equation (26) into (28), one has
˙V6 (t) = s
[
(-a+ k)x1− bx31 + f + u
] (29)
We construct the following control law
u(t) = bx31+(a− k)x1 + v(t) (30)
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Fig. 1. Vibration response of the SDOF fractional Kelvin-Voigt oscil-
lators
Substituting (30) into (29) yields
˙V6 (t) = s [ f + v] = s f + sv≤ |s|F + sv (31)
We select v(t) = −
(
F + ρ1√2
)
sign(s)−ρss and substi-
tute it into (31), then Eq.(31) follows that
˙V6 ≤ 1
m
[
|s|F−|s|
(
F +
ρ1√
2
)
−ρ2s2
]
=−ρ1
m
√
V6− 2ρ2V6
In terms of Lyapunov stability theorem, we derive that s→ 0
and x1 (t)→ 0 as t → ∞.
In the case that the boundary of the external force is un-
known, the same control law and adaptive law as (16) and
(17) can be designed utilizing the adaptive technique.
4 Numerical simulations
In this section, we present numerical simulations in
MATLAB to evaluate the performance of the sliding mode
control for SDOF fractional oscillators.
Parameters in the fractional oscillator (4) are taken re-
spectively as m = 1, c = 0.4, k = 2, α = 0.56, the external
force is assumed to be f (t) = 30cos6t. The forced vibration
response of the fractional oscillator (4) is shown in Fig.1.
In the sliding control law (14), parameters are taken as
F+ ρ1√2 = 35, ρ2 = 2. The performance is illustrated in Fig.2.
In the sliding control law (16) and adaptive law (17), param-
eters are taken as ρ1√2 = 25, ρ2 = 5, µ = 5. The performance
is illustrated in Fig.3.
In the numerical simulations for the fractional oscilla-
tor with modified Kelvin-Voigt type, the mass are taken as
m = 1, the stiffness coefficient k = 2, the fractional damp-
ing coefficient c1 = 0.4 and c2 = 0.2, the orders of the frac-
tional derivatives α1 = 0.56 and α2 = 0.2, the external force
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Fig. 2. State response of the sliding control for SDOF fractional
Kelvin-Voigt oscillators
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Fig. 3. State response of the adaptive sliding control for SDOF frac-
tional Kelvin-Voigt oscillators
f (t) = 30cos6t. The forced vibration response of the frac-
tional oscillator (5) is shown in Fig.4. In the sliding control
law (24), parameters are taken as F + ρ1√2 = 31, ρ2 = 1. The
performance is illustrated in Fig.5.
In the numerical simulations for the fractional Du¨ffing
oscillators (6), parameters are taken as a = −2, b = 4, c =
0.4, α = 0.56, the external force f (t) = 30cos6t. The forced
vibration response of the fractional Du¨ffing oscillators (6) is
shown in Fig.7.
In the sliding control law (30), parameters are taken as
k = 1, F + ρ1√2 = 31ρ2 = 2. The performance is illustrated in
Fig.8.
5 Conclusions
This paper have proposed fractional sliding control de-
signs for SDOF fractional oscillators of the Kelvin-Voigt
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Fig. 4. Vibration response of the SDOF fractional modified Kelvin-
Voigt oscillators
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Fig. 5. State response of the sliding control for SDOF fractional
modified Kelvin-Voigt oscillators
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Fig. 6. State response of the adaptive sliding control for SDOF frac-
tional modified Kelvin-Voigt oscillators
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Fig. 7. Vibration response of the fractional Du¨ffing oscillators
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Fig. 8. State response of the sliding control for the fractional Du¨ffing
oscillators
type, the modified Kelvin-Voigt type and Du¨ffing type. Dif-
ferential equations of motion have been transformed into
non-commensurate fractional state equations by introducing
state variables with physical significance. Fractional sliding
manifolds have been constructed and stability of the corre-
sponding sliding dynamics has been addressed via the infi-
nite state approach and Lyapunov stability theory. Sliding
control laws and adaptive sliding laws have been designed
respectively for fractional oscillators in cases that the bound
of the external exciting force is known or unknown. Finally,
the viability and effectiveness of the above control designs
have been validated by numerical simulations.
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